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Abstract

In the pursuit of obtaining largest graphs of given degree and diameter, many con-
struction techniques have arisen. Compounding of graphs is one such technique.
In this paper, by means of the compounding of complete graphs into the bipartite
Moore graph of diameter 6, we obtain two families of (A, 6)-graphs. For maximum
degree A > 4, being A — 1 a prime power, the members of these families constitute
the largest known graphs of diameter 6.
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1 Introduction

The topology of a network is usually modelled by a graph in which vertices
represent "nodes” while edges stand for ”links” or other types of connections.

When designing networks, several restrictions and/or specifications natu-
rally come out. It seems that the most common limitations lie on the number
of connections attached to a node and on the maximum number of links that
must be traversed from a node to any other. In graph-theoretical terms, these
two parameters stand for the degree of a vertex and the diameter of the graph
respectively.

Let us now recall the well-known Degree/Diameter problem. If links are
modelled by undirected edges, the Degree/Diameter problem can be stated in
the following way:

Degree/Diameter Problem: Given natural numbers A and D, find the
largest possible number of vertices na p in a graph of maximum degree
A and diameter at most D.

Research efforts related to the Degree/Diameter problem cover both proofs
of nonexistence of graphs of order close to the general upper bounds, known
as the Moore bounds and constructions of ever larger graphs. One outcome
of such constructions is to improve lower bounds on the maximum possible
order of graphs for given D and A, na p.

Presently, compounding of graphs is one of the most important techniques
for the construction of large graphs of given degree and diameter. The com-
pounding technique was introduced by Bermond, Delorme and Quisquater
[1].

In [7], Quisquater proposed a compounding method which changes a single
vertex from a bipartite Moore graph for a suitable complete graph. However,
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in a bipartite Moore graph, it is possible to replace several vertices with copies
of an adequate complete graph. This idea is a result of an evolutive work
started by Fiol, Serra and Gémez [5] in 1993. Afterwards, using the bipartite
Moore graphs of diameter 6, some improvements of this approach have been
put forward in [3,6] and recently in [4].

In this paper, the technique of compounding of graphs is used to produce
two new families of (A, 6)-graphs. We again extend the approach mentioned
in the previous paragraph. The members of these families, for A — 1 a prime
power and A > 4, are the new largest (A, 6)-graphs. Consequently, their
orders improve various entries in the table of the largest (A, D)-graphs; see

[8].

2 Basic Definitions

Considering that [S]* denotes the set of all k-subsets of S, a graph is a pair
G = (V, E) of sets satisfying E C [V]?, where V N E = (). The elements of V/
and F are the vertices and edges of the graph G respectively.

The vertex set of a graph G will be denoted by V(G), and its edge set by
E(G). The number of vertices of G represents the order of G, and is denoted
by n(G).

In an edge e associated with a pair of vertices u and v, we say that v and v
are netghbors and incident with e; and that e is incident with u and v. The set
of neighbors of a vertex v in G is denoted by N(v). The degree of a vertex v,
denoted by d(v), is the number of edges incident with v. The number A(G)=
max{d(v)|v € V'} is the mazimum degree of G.

The minimum length of a cycle in a graph G is the girth of G and is
denoted by ¢(G). Let u,v be two vertices in a graph G. The length of the
shortest u — v path in G, denoted by d(u,v), is the distance in G of u and v.
The diameter of a graph G, denoted by D(G), is the longest distance between
any two vertices in G.

Let G = (V, E) be a graph. G is called bipartite, if it is possible to partition
V into 2 classes such that every edge has its ends in different classes and the
vertices in the same class are not neighbors.

A (A, D)-graph is any graph of maximum degree A and of diameter at
most D.

We now define compounding of graphs. Let S = {G1,Ga,...,Gy} be a set
of graphs. Each element of S is called a source graph. Let G = (V, E) be a
graph, called the base graph. In addition, let G = (V, E = () be a subgraph



of G, formed by all those vertices of G to be replaced during the compounding
process. We will call G the replaced graph. Finally, let f be a mapping from
V to {1,2,...,k}.

The compounding of S into G will be denoted by G(S). We define it by
means of two steps as follows:

Step 1: Every vertex v € V is replaced by the graph G, € S. The set of
added vertices (vertices coming from G,)) is denoted V(G Fv))-

Step 2: The edges incident to v € V are distributed among the vertices of
G'f(v)- Note that this step introduces certain degree of ambiguity, so further
specifications will often be needed.

3 Bipartite Moore Graphs

The bipartite Moore bound, i.e., the maximum number Ba p of vertices in any
bipartite graph of maximum degree A and diameter at most D, was presented
by Biggs [2]:
D
Bap = 2<AA1>2 L Jf A > 2

Bipartite graphs attaining this bound are called bipartite Moore graphs.
Bipartite Moore graphs are A-regular graphs and exist only if D = 2,3,4 or
6. For D = 2, they are the complete bipartite graphs of degree A (Ka a). For
D = 3,4 and 6, they have only been constructed if A —1 is a prime power [2].
On the other hand, for D = 3, there are values of A with no bipartite Moore
graphs.

In a bipartite Moore graph G, the following assertions hold:

(i) The girth of G is equal to 2D.

(ii) Given two vertices z and y, if d(z,y) = D, then there exist A disjoint
paths joining x and y.

4 New Large Compound Graphs of Diameter 6

The process of construction of these graphs is divided into two parts. The first
part is a compounding operation and the second one sets up new adjacency
rules.

To describe such graphs, we will use the definition of compounding of
graphs introduced in Section 2. We base our illustration method on a step-
by-step construction that shows a sequence of operations required to define



these compound graphs.

Note that the order of any compound graph G using a complete graph K},
as source graph and a subgraph G = (W E = ) of G as replaced graph is:
(1) n(@) = n(base graph) + |W|(h —1).

The compounding part is the same as that described in papers [3,6,4].
We have also kept the same notation and terminology in order to achieve a
faster understanding of the idea. However, some conditions to set up the new
adjacency rules have changed.

Part 1: Compounding Operation

Source Graphs: Given a positive integer A, G; = K}, where K} is the
complete graph of order h, for h < A — 1.

Base Graph: Bipartite Moore graph H, of diameter 6. A graph H, = (V U
W, E) has degree A = g+ 1, being ¢ a prime power.

Replaced Graph: Let R be the subgraph of G = H, depicted in Figure 1.
Let = be a vertex of V and let N(z) = {x¢,21,...,2a_1}. We now define
the following sets:

(i) WO = N(z) —{za_1}.
(ii) V0= N(W°) — {z} — | U A{zia).

(iti) W' = N(VO) — W° — U {ijn_2}.

jeAo,..., A -3}
The set W’ C W is called the set of replaceable vertices and is highlighted
in Figure 1. R R o
Given a subset W of W, the replaced graph will then be G =(W, E' = ().
Each vertex x;j; of W will be replaced by a complete graph K}, denoted
ijk) ijk) ijk ijk
by K7 with vertex set V(K 7M) = {yéj ),...,y,(lfl)}.
The set of added vertices is denoted by W(K},). Therefore, W (K,) =
U V z]k
mwkEW
Mapping f:
flxir) =1 for all z;;;, € W
Specifying Step 2: The incident edges to each vertex z;;, € W are joined
to the vertices of K ,(1” k), in such a way that each vertex of K ,(L” " is incident
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Fig. 1. The subgraph R of H,; to be modified.

at least to one of these edges. -
Given a vertex x;;, € W and the complete graph K ,(I” ") replacing it, we
call y((]” ") the vertex with x;; as neighbor. Then y(()” " is connected at least

to one other neighbor of x;;y.
Resulting Graph: H)(Kj).

Part 2: Introduction of New Edges

The set of edges to be added in this part is denoted by E (K}p). Therefore, we
define the graph G(K}) = (W(K}), E(K})).

We need to introduce new notations and terms. We are now interested
in defining the replaced graph G = (W, E) completely, that is, to define
its edge set. The edge set can be defined as follows: For z;jp, z,ss € W;
(Zijk, rst) € E — Fa, B € {0,..., h — 1} such that (yﬁfj"“),yg"“)) e BE(K)).

We will call a block any set formed by copies of K ,(jj k), However, we will
mainly use blocks obtained by copies of K ,(fj k), for a fixed i. That is, K ,(fj k)
and K ,(liSt) will belong to the same block, for some numbers j, k, s and ¢ not

necessarily distinct.
Now we will describe the proposal to add the new edges in our approach.

Origin Graph: H)(Kj).
Condition 1: There should be one edge between each pair of copies K ,(fj ")

and K7 for k #1t.
Condition 2: The cardinal of each block Cj, is the same, that is, each block



contains the same number of copies of K ,(fj k),

Condition 3: The distance between any two copies of K ,(fj " inside a block
should be at most 3. Particularly, the distance between any two copies
K }(l” " and K ,(ft) should be at most 3.

Condition 4: Given the number of blocks Ng, with Ng < A — 1, each
graph K ,(L” " should have at least N B — 1 free edges to be used for con-
nections inter-blocks. -

Condition 5: The distance between any two copies K }(:] " and K }(lmt) should
be at most 4, for ¢ # r. Equivalently, the distance between any two copies
of K ,(L” " from different blocks should be at most 4.

Condition 5a: The distance between any vertex y%* and any copy of type
K3#t, i # r, should be at most 5.

Resulting Graph: H,(K}).
Remark 4.1 Conditions 5 and 5a can indistinctly be used.

Remark 4.2 Following Equation (1), we obtain that
(2) n(Hq(Kh)) = TL(Hq) + NBOb(h - 1)

Lemma 4.3 Graph G(K,) = (W(K3), E(K})) has diameter 6.
Proof (Sketch) The proof can be derived from the previous conditions. O
Theorem 4.4 Graphs H,(K}) have diameter 6.

Due to space limitations, the proof of this theorem is not included in this
Extended Abstract.

As a consequence of Theorem 4.4, two new largest graphs arise, Hy(K3)
and H;(K,). Following Equation (2), we obtain that the order of the new
graph Hy(K3) is n(Hy)+3-7-2, that is, 2772. An analogous reasoning shows
that the order of the new graph Hs(K,) is n(Hs) +5-7 - 3, that is, 7917.

4.1 Constructing Hy(K}) Graphs of Larger Mazimum Degrees: A Different
Approach

By modifying the constructive process of a family of graphs suggested by
Goémez [4], we obtain new graphs of diameter 6 and maximum degree A, for
A — 1 a prime power and A > 6. The orders of these graphs are the largest
known for their respective maximum degrees.



5 Conclusion

In this paper, we have presented two new families of compound graphs of
maximum degree A and diameter 6, called H,(/},). Members of these families,
for A—1 a prime power and A > 4, constitute the largest (A, 6) graphs. Table
1 shows the orders of the new graphs for A < 14.

Note that the previous graphs were obtained in [6] and in [4], and we keep
the same terminology as these papers.

| Mazimum Degree (A) || H,(Kp) [ Previous Order || New Order |
5 (K> 2766 2772
6 5(K,) 7908 7917
9 Hs(Ky) 75828 75893
12 H (Ks) 350646 | 359772
14 Hi5(K11) 816186 816294
Table 1

New orders of the largest graphs H,(K}) for A < 14.
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